In this paper we prove the Lefschetz xed point formulas of Atiyah, Singer, Segal, and Bott for isometries by using the direct geometric method initiated by Patodi.
Introduction
In this paper we present a very simple and direct geometric proof of the Lefschetz xed point formulas by computing the equivariant index of the Dirac operator with respect to an isometry of the base manifold. The present work may be seen as a completion of the program initiated by Patodi in 8, 7] , studying the local asymptotics of the heat kernel for the de Rham complex.
In recent years, several new proofs of the index theorem have been presented. Getzler 5] and, independently, Yu 9 ] evaluated the local index in terms of the asymptotics of the harmonic oscillator. Berline and Vergne 3] lifted the problem to the frame bundle, and evaluated the index in terms of the Jacobian of the exponential map. In a di erent direction, Bismut 4] expressed the trace of the Dirac heat kernel in terms of the local uctuations of a Brownian motion, stochastically transporting frames along its sample paths. Each of these methods represents a heat equation approach.
The methods of 3, 4] were directly applicable to the situtation where a group of isometries acts. In contrast, the evaluation of the local asymptotics of theÂ genus carried out in 5, 9] is expedited by the use of geodesic coordinates, i.e., calculating with respect to the moving frame obtained by parallelly translating along rays through the origin in a normal coordinate neighborhood. While this is the key to the simplicity of the method, it is not directly compatible with a calculation of the asymptotics in a neighborhood of the xed-point submanifold of a group action.
In the following sections we complete the calculation of the equivariant index by extending the methods of 8, 9] to allow for the action of an isometry. After presenting notation and discussing the standard setup in section 2, we discuss in section 3 the particular moving frames necessary to the computation. Here it is seen that the geodesic moving frame is related by an in nitesimal holonomy to the natural trivialization of the normal bundle. The nal sections then evaluate the Cli ord asymptotics of the local Lefschetz index by direct computation. The approach is completely elementary, and proceeds from rst principles.
Preliminaries
Let M be a C 1 , compact, connected, and oriented Riemannian manifold, of even dimension 2n, with a xed Spin(2n) structure. There is thus a principal Spin(2n)-bundle Spin(M) for which Spin(M) SO Using this, a simple argument working in a local trivialization of ( ) yields
where the local Lefschetz number, de ned by the limit
exists and is independent of .
The remaining sections are devoted to evaluating this local index in terms of the geometrical data of the xed point set and its normal bundle.
Orthogonal and normal coordinates
Let y 2 M and E(y) = (E 1 (y); : : : ; E 2n (y)) an orthonormal frame at y. Choose normal coordinates at y and let E y be the orthonormal frame which is parallel along geodesics through y and such that E y (y) = E(y). It is precisely this moving frame with respect to which the parametrix H N for 4 assumes a tractable form, as described in 9], allowing an evaluation of the local index in the Atiyah-Singer index theorem. However, the action of the isometry T on SO(M) assumes a very simple form near F when we identify a tubular neighborhood of F with a neighborhood of the zero section of ; that is, in \orthogonal" coordinates. We are thus led to study the relationship between these coordinate systems in this section.
Suppose F is of dimension 2n 0 . Let 2 F and E = (E 1 ; : : : ; E 2n ) be an oriented orthonormal frame eld in a neighborhood of such that i) for 2 F, the vector elds 7 7 7 7 7 7 7 7 7 5 where 0 < i < 2 for i = 1; : : : ; n ? n 0 , iv) the orientation of E is that of M.
Clearly such a frame eld E exists, and moreover there is a neighborhood V of in F such that E is de ned on U = exp( j V \ ( )) for su ciently where (x 0 ) 2 so(2n ? 2n 0 ). Lemma 3.2. Under the homeomorphism (3.1) and the notation of (3.2) the isometry T assumes the form T(x 0 ; c) = (x 0 ; ce ? (x 0 ) ). which may be seen from viewing the triangle (T x; x; x 0 ) in the normal coordinates y i at Tx. with the second equality de ning the supertrace Tr s .
In 9] there is an operator de ned on monomials in the Cli ord variables which is precisely the bookkeeping device needed for a direct evaluation of the asymptotics of the heat kernel trace.
In the normal coordinates y 1 ; : : : ; y 2n this may be de ned as (y D y e ) = j j ? j j + j j for multi-indices , and with We will write P = Q + ( < m) to denote congruence modulo the space of monoids with < m; that is, in case (P ? Q) < m.
Considering Lemma 3.1 we see that dTE(x) = E(Tx)T ( ), and
since T is an isometry, where y i y j (Ã k ) ij ; k = 1; 2; : : :
Now, from 9] we infer that there is an operator P(t; z 1 ; z 2 ; : : : ; w 1 ; w 2 ; : : :) which is a power series in t with coe cients polynomials in z i and w i such that P t ( We thus obtain the main result It is a simple matter to extend the above procedure to the case of a twisted spin complex.
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